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Abstract

A molecular characterization of the weighted Herz-type Hardy spaces H Kg (A/p=1/a).p (w, w) and

HK Z(l/ p=1/a.p (w, w) is given, by which the boundedness of the Hilbert transform and the Riesz trans-
forms are proved on these space for 0 < p < 1. These results are obtained by first deriving that the convolution
operator T f =k * f is bounded on the weighted Herz-type Hardy spaces.
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1. Introduction

In 1964, Beurling [2] first introduced some fundamental form of Herz spaces to study convo-
lution algebras. Four years later Herz [7] gave versions of the spaces defined below in a slightly
different setting. Since then, the theory of Herz spaces has been significantly developed, and these
spaces have turned out to be quite useful in analysis. For example, they were used by Baernstein
and Sawyer [1] to characterize the multipliers on the standard Hardy spaces, and used by Lu and
Yang [17] in the study on partial differential equations.

On the other hand, a theory of Hardy spaces associated with Herz spaces has been developed
for more than a decade (see [4,15]). These new Hardy spaces can be regarded as the local version
at the origin of the classical Hardy spaces H? and are good substitutes for H? when we study
the boundedness of non-translation invariant operators (see [16]). For the weighted case, Lu and
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Yang [13,14] introduced the following weighted Herz-type Hardy spaces and established their
atomic decompositions.

Let O = {(xl, s xn) € RY |xi|§2k,i = 1,...,n} and Cy = O\ Qk—1 fork € Z, y;, be
the characteristic function of the set Ck. For a non-negative weight function w, we set w(E) =
f g w(x) dx and write L7, (R") to be the set of all functions f satisfying

1/q
Ifllpe = (/R” |f(x)|"w(x)dx> < 00.
In what follows, if w = 1, we will denote LY, (R") by L4 (R").

Definition. Letz € R, 0 < p, g < 00, and w; and w; be non-negative weight functions.

(a) The homogeneous weighted Herz space qu P (wy; wy) is the set of all functions f € L?OC

(R™\{0}, wa(x) dx) satisfying ”f”k;"p(wl;wz) < 00, where

LF17, =2 [ @O I 1]y
keZ

o,
27 (wiiwn)

(b) The non-homogeneous weighted Herz space Kg’p (w1; wy) is the set of all functions f €

Li(R", wa(x) dx) satisfying || f1| gz y,;.,) < 00, Where

o0
4 _ ap/n N p ap/n 14
11 gy = (01 QO™ 1 f 2,1y + 1; [wi (@O 7l -

Let Gf (x) be the grand maximal function of f(x) defined by

Gf(x)= sup sup [(f* )Yl

cAy =<t
d) N t>0

where Ay = {(i) eSR") : sup |x7Dﬁ¢>(x)| <1} for N sufficiently large.
LIBISN

Definition. Let x € R, 0 < p < 00, 1 < g < oo and w; and w; be non-negative weight
functions.

(a) The homogeneous weighted Herz-type Hardy space H K 3 "P(w1; wy) associated with the space
Kg’p(wl; wy) is defined by

HE (wi;wo) = {f € SR : Gf € KPP (wi; wa)} .

with norm ||f||H,-<;<,p(wl;w2) = ||Gf||1'(‘j‘"’(w1;wz)~
(b) The non-homogeneous weighted Herz-type Hardy space H Kg P (wy; wy) associated with the
space K7 (w1; wy) is defined by

HKG (i w) = {f € SR : Gf € Ky (wiz w)).

with norm ||f||HK;"”(w1;w2) = ||Gf||1<§"’(w.;wz)-



M.-Y. Lee / Journal of Approximation Theory 138 (2006) 197—-210 199

Throughout this paper C denotes a constant not necessarily the same at each occurrence, and a
subscript is added when we wish to make clear its dependence on the parameter in the subscript.
We also use a ~ b to denote the equivalence of a and b; that is, there exist two positive constants
C1, C; independent of a, b such that Cia <b< Caa.

2. The A1 weights

The definition of weighted class A, was first used by Muckenhoupt [18], Coifman—Fefferman
[3], and Hunt-Muckenhoupt—Wheeden [8] in the investigation of weighted L” boundedness of
Hardy-Littlewood maximal function and Hilbert transform. In this article a weight means the A
weight. More precisely, let w be a nonnegative function defined on R”. We say that w € Ay if

1
— / w(x)dx <C -ess inf w(x) forevery cube I C R".
|I| 1 xel

For any cube I and 4 > 0, we shall denote by A/ the cube concentric with I which is 4 times
as long. It is known that for w € Aj, w satisfies the doubling condition; that is, there exists
an absolute constant C such that w(21) <Cw(I). A more specific estimate for w(4[) is given
as follows.

Theorem A (Garcia-Cuerva and Rubio de Francia [5]). Let w € Ay. Then, for any cube [
and A > 1,

wA) <CH'w(I),
where C is independent of I and A.

If there exist r > 1 and a fixed constant C > 0 such that

1 1/r
<—/w’(x)dx) <— | w(x)dx forall cubes I C R",
1] J; 1| Jy

we say that w satisfies reverse Holder condition and write w € RH,. It follows from Holder’s
inequality that w € RH, implies w € RH; for s < r. It is known that if w € RH,.,r > 1, then
w € RH, 4, for some ¢ > 0. We thus write r,, = sup{r > 1 : w € RH,} to denote the critical
index of w for the reverse Holder condition.

The following result provides us with the comparison between the Lebesgue measure of a set
E and its weighted measure w(E).

Theorem B (Garcia-Cuerva and Rubio de Francia [5], Gundy and Wheeden [6]). Let w € A
N RH,,r > 1. Then there exist constants C1, C2 > 0 such that

|E| _w(E) |END
—<——<C| —
1]~ w(l) 1]

for any measurable subset E of a cube 1.
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3. The atomic decomposition and molecular characterization

Lu and Yang [13,14] gave the following definition of atoms in the weighted Herz-type Hardy
space and its atomic decomposition.

Definition. Let wi, wy € A1, 1 < g < o00,n(l —1/g)<a < 00, and s be a non-negative integer
greater than or equal to N = [o + n(1/g — 1)], where [ - ] is the integer function.

(a) A function a on R”" is called a central (o, q, s)-atom with respect to (wy, wy) (or a central
(o, g, 85 wy, wp)-atom), if it satisfies
(i) suppa € B(0, R), R > 0,
(i) flallyg, <wi(BO, R))~#/m,
(i) [, R a(x)xP dx = 0 for every multi-index f§ with |f] <s.
(b) A functiona on R" is called a central (o, q, s)-atom of restricted type with respect to (w1, w2)

(or a central (v, q, s; wy, wp)-atom of restricted type), if it satisfies (ii), (iii), and
(i’) suppa € B(0, R), R>1.

Thgorem C. Let wi, w2 € A1,0 < p<1l < g < oo, andn(l —1/g)<a < oo. Then [ €
HKg’P(w1; w») (or HK;’p(wl; wy)) if and only if

FOL S har) (or fol szakm),

k=—00 k=0

where each ay is a central (o, q, s; wi, wa)-atom (or for non-homogeneous spaces, ay is a cen-
tral (o, q, s; wi, wa)-atom of restricted type), and Y o |1|P < 00 (or Yoo lAkl? < oo).
Moreover,

o0 1/p
LA 82 sy 2~ 0 ( > Mkv’)
k=—00

—00

00 1/p
or N f Kz sy & Inf ( > mkv’) :

k=0

. . L. Sy,
where the infimum is taken over all the above decompositions of f (the symbol “=" denotes
convergence in the sense of tempered distributions).

We recall the w-(p, g, s)-atom in the classical weighted Hardy spaces (cf. [10]). Let 0 <
p<l <g<ooand w € Aj. For s € Z satistying s > [n(1/p — 1)], a real-valued function a(x)
is called w-(p, g, s)-atom centered at O if

(i) a € LY (R") and is supported in a cube I with center 0,
(i) llall g <w(D)a=1/p,
(iii) fRn a(x)x*dx = 0 for every multi-index o with |a| <s.

In the definition of central atom, if we set « = n(1/p — 1/q) and consider w = w; = wy € Ay,
then N = [n(1/p — 1)]. Thus, for 1 < g < oo, the w-(p, ¢, s)-atom centered at 0 in the classical
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weighted Hardy spaces coincides with the central (n(1/p —1/q), ¢, s; w, w)-atom. Denote by I,
the cube centered at the origin with side length 2r. The following definition of molecule established
by Lee and Lin [10] is meaningful in the weighted Herz-type Hardy spaces.

Definition. For 0 < p<1 < ¢ < oo, let w € Aj with critical index ry, for the reverse Holder
condition. Set s >[n(1/p — D], ¢ > max{n(rr ) + (rw—l) p —1L,a=1—-1/p+ e, and
b=1—-1/q+e.

(a) A central (p, q, s, e)-molecule with respect to w (or a central w-(p, q, s, €)-molecule) is a
function M € LY (R") satisfying
@ M) - wum)b €Ly ®),
(i) 1M1 - | = N,y (M) < o0,
(iii) fRn M(x)x“ dx = 0 for every multi-index o with o] <.
(b) Afunction M e L% (R")is called a central (p, q, s, £)-molecule of restricted type with respect

to w (or a central w-(p, q, s, €)-molecule of restricted type) if it satisfies (i)—(iii), and
(IV) ”M”Lﬂ, < w(]l)l/l]—l/p.

1 a/b

The above 9, (M) is called the molecular norm of M with respect to w (or w-molecular norm
of M). If there is no ambiguity, we still use 9t(M) to denote the w-molecular norm of M.

Following from [10, Theorem 1], we immediately have the molecular characterization of the
weighted Herz-type Hardy spaces.

Theorem 1. Let (p, q,s,¢) be the quadruple in the definition of central molecule, and let
w e A1.

(a) Every central (p,q, s, ¢)-molecule M with respect to w belongs to HKn(l/p Va. Pw; w)
and ||M ||, gnai/p- VP iy S < CIUM), where the constant C is zndependent of M.
q :
(b) Every central (p,q, s, &)-molecule of restricted type M with respect to w belongs to
HKZ(I/”_I/’””"(w;w) and M|, g nc1/p-1/0).p )gc‘Jt(M), where the constant C
q

is independent of M.

(w;w

Proof. Let M be a central w-(p, g, s, ¢)-molecule with 9t(M) = 1. In the proof of [8, Theorem
1], we have showed that M = Y 22 My = Y _(My — Px) + Y Pk, where

(I) each (M} — Py)isamultipleofaw-(p, g, s)-atom centered at O with a sequence of coefficients
inl?,
(IT) the sum Y Py can be written as an infinite linear combination of w-(p, oo, s)-atom centered
at 0 with a sequence of coefficients in /7.

Note that each w-(p, oo, s)-atom centered at 0 must be an w-(p, g, s)-atom centered at 0
forany 1 < g < oo, and the w-(p, g, s)-atom centered at O coincides with the central (n(1/p —
1/9),q,s; w, w)-atom. We hence obtain M = Z?io JAia;, where each a; is a central
(n(1/p —1/q), q, s; w, w)-atom and Y ;=4 |4;|? < oco. It follows from Theorem C that M €

~n(1/p—1/q),
HRG PP ) and My gnin-viann .,y SC = CROM).

As to the central molecule of restricted type, the proof is similar and so the details are
omitted. [
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4. Main result and applications

The Calderén—Zygmund theorem on singular integrals, as presented by Stein [19], shows that
if k € L?(R") satisfies

/ k(x = y) — k()| dx<C  (¥y £ 0)
|x| =21y|

for which £ is bounded, then the convolution operator f +> k * f is bounded on L?, p > 1. We
have a similar result as follows.

Theorem 2. Let w € A1,0 < p<1 < g < oo, and oo = n(l/p — 1/q). Assume that k €
Lioc (R"\{0}) satisfies |k  fll g <Cill fll g and, for j € Z,

k(x —y)—k(x)|4 o .
/2,-. |<2f| : &—q O (@ dx <2 010w for 23223l (1)
Ti<xl

forsome 0 < A< 1 and absolute constants Cy, Cy, C3. Then there exists a constant C independent
o
of f such that ||k * f”K;"’(w,w) <C||f||Hk;’P(w,w)a n/(n+2) < p<l,forall f € Kg'" (w, w).

Proof. Given a central (o, ¢, 0; w, w)-atom f with supp f € B, = B(0, r), then I fllLg <w
(B/)'/a=1/P and f f(x)dx = 0. It suffices to show ||k f||K:'1)(w,w) < C, where C is independent
of f.Choose jo € Z satisfying 27073 < C3r <2/072, Write

o0

r/q
[k = f”;;’p(w,w) = Z w(Qj)ap/n (/C |k f(x)|w(x) dx)

j=—00

Jo 00 p/q
=| 2+ X |wep (/C.Ik*f(x)lqw(x)dx)

j=—00 j=jo+l1
=1+ b.
The L7, boundedness of k * f implies
Jo Jo
I < NP/ P o< P nop/n
1<) w@)M kR [y SCIFIT, Do w@p*",

j:—oo j:—OO

Since w € Ay, we have w € RH, for some r > 1. Theorem B yields

w(Q ) <Cw(Q)IQ; %1010 ford=(r—1)/r,

and we hence obtain

Jo
L<Cw(Q o)™/ Mw(B)P/ =1 i0mrd N 2P0 0y (BTN Cy

j=—00

By the assumption and using Minkowski’s inequality for integral, we get

e¢]

p/q
L= ) w@y”" (fc lk*f(x)lqw(x)dx>

Jj=Jjo+1
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o0 q r/q
< 3wy {/ (/ Ik(x—y)—k(x)llf(y)ldy) w(x)dx}
& c; \Us,
J=jo+1 /
o K — V) — k q rlq
g Cr/»]’ Z w(Qj)OtP/n f (/ | (X y)i (x)||f(y)|dy) w(x)dx}
= jo+1 Cj I |y|

)4

o 1/q
<cr? Y wigph /(/C "“x‘”"‘(’“)'qwuwx) FO)ldy

q
Jj=Jjo+1 Y Iyl

P L P

SOy w(Q )i 2 / If(y)lw(y)”"dy} :
L B,

J=jo+1 !

The Hélder’s inequality gives [, |f()Ilw()4 dy<| £l LZ}|Br|1/’1/ and Theorem B implies
w(Q;)<C|O;w(Q;)Qj,|~". We thus have

L< Crip+np/q’2—joapw(Qjo)ip/nw(lr)p/q—l i pjap—jp(tn—n/q)
Jj=Jjo+1
Forn/(n + A) < p<1, the last summation
o0
Z pJjep=jpUtn—n/q) < Caqp‘,«LZjU“p_j"P(’H'"_"/‘”,
Jj=Jjo+1
Hence

L<Cy p w(Q ) P "W Cy s

by which the proof is completed. [

Example 1. Let Q € L(S"~") be homogeneous of degree zero, where ¢ > 1 and $"~! denotes
the unit sphere of R" (n>2) equipped with normalized Lebesgue measure do = da(x’). Set
k(x) = Q(x")/|x|", with Q satisfies the Lip; condition, and fsnfl Q(xdao(x") = 0. It is known
that if Q € Lip; then € satisfies L7-Dini condition. By L9 boundedness of £ * f and [9, Lemma
5], k satisfies the hypothesis (1) of Theorem 2 for w = 1 and 1 = 1/g. Using Theorem 2 for
w =1, we get ||k * f”Kﬁ,"”(l,l) < C”f”HK,';'P(l,l)’ n/(n+ A) < p<1. Note that the kernel k does
not satisfy the below hypothesis (3) of Theorem 4.

Example 2. Let k satisfy the same conditions as in Example 1. For ¢ > 2 and w = |x|,
—1 < a<0. We know that w € A;. By LY boundedness of k f of Theorem 4 in [9] and the
[9, Lemma 5], k satisfies the hypothesis (1) of Theorem 2 for 1 = 1/q. By Theorem 2, we also

have [k # £l g2y <CILF g g2y 1/ (1 ) < p<1.

It is known that the Hilbert transform is not a bounded operator on K ;_1/ q’l([R{), l<g<oo

(see [12]). We shall prove that the H K, ,;/ P=1/4-P (R) boundedness of Hilbert transform in Theorem

6 below, if the range of p is restricted to 0 < p < 1. In order to show the HI'(;(I/pfl/q)’p([R”)
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(w, w) boundedness of convolution operators, we need the following estimate which can be found
in [5, p. 412].

Lemma D. Let w € Ay, q > 1. Then, for all r > 0, there exists a constant C independent of r
such that

f W) < Crmu (L),
|

xlzr x|

Theorem 3. Let w € A with critical index ry, for the reverse Holder condition. Let 0 < p <
1 <g <ooando = n(1/p — 1/q). Assume that k € Lioc(R*\{0}) satisfies ||k = flipe <
Call I, and

Iyl*

kG = ) = kol <57

Jor x| = Cely] @

for some 0 < A<1 and absolute constants Ca, Cs, Ce. If ryy > (n + A)/ A, then the operator
f +— k* f is bounded on HKZ’p(R")(w, w),n/(n+ 1) < p<l.

Proof. Let n/(n + 1) < p<land r, > (n 4+ A)/A. It is clear that [n(1/p — 1)] = 0 and
max{1/(r, —1)~', 1/p—1} < A/n.Choose ¢ satisfying max{1/(r, —1) ™', 1/p—1} < & < A/n.
It suffices to show that, for every central («, g, 0; w, w)-atom f, k x f is a central w-(p, g, 0, ¢)-
molecule and its molecular norm is uniformly bounded.

For central («, g, 0; w, w)-atom f with supp (f) < B, ”f”L‘,f) <w(B)YVa-Vr andf f(x)dx
=0,leta=1—-1/p+¢,b=1—-1/q+ ¢ Then

s FOu Ity = [ ks ) dx

Ly~

‘x|<C6\/ﬁr ‘x|>C6ﬁr dQC
=J1+ .

The L7, boundedness of k * f implies
JL < Cw) ™k [,
CwlH? £},

Cw(I) w4/
< Cw(1,)1°.

/

NN

N

To estimate J, we write

JzEf [k f ) w ()T w(x) dx
x| > Co/ir

/x|>C6ﬁr

Since w € Ay, the Holder inequality implies
q

q
w(I|x|)qhw(x) dx.

/ (k(x — ) — k() f () dy
y|<r

‘/ {k(x =) —k(x)}f(y)dy
yI<r
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LN\
< (/ lk(x —y) —k(x)|? dy) </ D) w)w(y) ™! dy)
yI<r yI<r

’ 9 q/q/
< Cless inf w(x)} ™! ||f||Zq (/ [y|* |x| 7"~ d)’)
xel, w ly

[<r

) o q/q’
<Cl w1, (/| |y x| dy)
w y \r
L CpHAatna/a yy (1)~ P |y |44
By Theorem B and Lemma D,

< corriasnald ol [ X w0 (1) P () dx
|x|>Ce/nr

< Crnfnqb+ﬂ.q+nq/q’w(]r)qbfq/p / |x|"‘1b*”q*’1‘1w(x) dx
|x|>Ce~/nr
< Cw(l,)94.

Hence ||k * f(-)w(I‘.|)b||Lﬁ7 <Cw(I,)* and

Rk 5 £) = Ikx 191k % FOwlys " < Cwd)Vam1Ipelby g, yai=a/b — ¢,

To show the vanishing moment conditions of k * f for central («, g, s — 1)-atom f with respect to
(w, w), we first claim the case w = 1. Since ||k * f (x)|x|"?||pe <Cr"® < oo, Holder’s inequality
implies

o /9
x| 79" dx) <00

/| ks Fdx < £ - e </|

x|>1

and

/ s £] - P dx <Cllk = £, < oo.
<1

Let f be the Fourier transform of f. The moment condition of f gives f (0) = 0 which implies
k% f(0) = k(0)f(0) = 0 and hence [k f(x)dx = 0. For general w € Aj, let f be a
central (o, ¢, s — 1; w, w)-atom and f1 = w(Br)l/”|Br|_l/”f. Then f7 is a multiple of a central
(o, g, s — 1; 1, 1)-atom. We have

/k*f(x)dx:C/ kx fi(x)dx =0,
R)l Rn

by which the theorem is proved. [J

Remark 1. We note that the condition (2) implies condition (1) provided w € Aj. To see this,
for f € Lioc(R"), let Mf denoted the Hardy-Littlewood maximal function of f defined by

1
M = —_— dx.
L ATTENSTI
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If k satisfies (2).for some 0 < /A<1 and' absolute constants C5, Cg, then we choose C3 = max
{1, C¢/2}. For2/=2 > C3|y| and |x| > 2/~ we have |x| > 2/71 >2C3|y| = max{2, Cg}-|y| and

k(x — y) — k(x)|9 ,
/ |k (x y); (x)] w(x) dx <C5/ xf’“ffﬂqw(x)dx
2i-l<|x| <2 |y|*4 2i-1<|x| <20
< C27Janth / w(x) dx
lx—yl<c2/

< Cz—jq(’l-‘ri—n/Q)Mw(y)
< C2—J'll(n+i—n/q)w(y)7

since |x| ~ |x — y| for [x] > 2|y| and w € A implies Mw(y) <Cw(y).

If we use a stronger condition than (2), then the weighted L7-boundedness of the convolution
operator k x f can be replaced by the L°°-boundedness of k.

Theorem 4. Let w € A with critical index r, for the reverse Holder condition, o. = n(1/p —
1/q),1 <q <ooandn/(n+s) < p<n/(n+s—1)wheres € N.Assume thatk € C(R™\{0})
with |k| < C7 satisfies

A

o
)(ai) k(x)’ <Cslx|™" Y for all multi-indices |4 <s, 3)
X

where C7 and Cg are absolute constants. If ry, > n + s then the operator T f := k x f is bounded
on HK;" (R")(w, w).

Remark 2. Theorem 4 extends Lu and Yang’s result [15, Theorem 4.3] to the weighted case.

Remark 3. We note that condition (3) implies condition (2) when C¢ > 1. In fact, the mean
value theorem implies

lk(x = y) — k()| <|Vk(x — )|y < Cglx — ty| ™ '|y| for some ¢ € [0, 1.
For |x| > Cg|y|, we have |x — ty| >|x| — |ty| > c|x| and hence
lk(x = y) = k()| <Clx| " yl.

Proof of Theorem 4. Sincen/(n +s) < p<n/(n+s—1)andry, >n+s,wehaves — 1 =
[n(1/p — 1)] and so a number ¢ can be chosen satisfying max{(s — 1)ry, (ry, — D 4+ (ry —
1)’1, 1/p — 1} < & < s/n. It suffices to prove that, for every central («, g, s — 1; w, w)-atom f,
Tf are w-(p, q,s — 1, ¢)-molecules and 9, (7 f) < C with C independent of f.

Givencentral (o, g, s—1; w, w)-atom f withsupp (f) € Bg, we have ||f||LZ) < w(Bg)Ya—1/p
and [ f(x)x*dx =0for0<|a|<s —l.Leta=1—1/p+¢candb=1—1/g + ¢ Then

77w Iy = [T £ @) ds

(/ / )'Tf(x)|qw(1|x|)qbw(x)dx
|x|<2y/nR x| >2/nR
=L+ L.



M.-Y. Lee / Journal of Approximation Theory 138 (2006) 197—-210 207

It follows from [5, p. 411, Theorem 3.1] to get the L9 boundedness of 7, which combines with
Theorem A yields

L<CuwR)PI£117, <Cpw(Ig)?e.

X
Ly,

To estimate I, we write

L ;:/ ks £ )| 9wy P w(x) dx
x| >2AR

s—1 9

1 o o
- [ [ k=9 = ¥ Zpmeoen t o] wiPueas.
x> 2y |J1g o

lo]=0

Taylor’s theorem and w € A; give
q

s—1 1
/1 K —y) = 3 Dk f f()dy

lo]=0

/ fdy
Br

. -4 —
<G R e (ess inf w(x)) " w (BRI,
xelp w

q
< Cn RqS |x | —ng—qs

< C, R™MT45 | x| 7= y(Br)~4/P  for |x| =2/nR.

Thus, Theorem B and Lemma D imply

I < CR"Tw(Bg)~4/P / x| 7P w (1) P w (x) dx
x| >2nR

< Canq+qs—nqbw(BR)—q/p+qb/ |x|nqb—nq—qsw(x) dx
|x|=24/nR
< Cpw(Ip)?.

Hence

17w’ g, < Cow(Te) )
and

R (T 1) = TSI ITS wdp?l g <Cun

Now, we are going to show the vanishing moment conditions of 7' f for central («, g, s — 1)-
atom f with respect to (1, 1). Plugging in w = 1 in (4), we have ||Tf(x)|x|”b||q <CR™ < o0
whenever f is a central (o, ¢, s — 1; 1, 1)-atom. We first claim T f (x) - x* € L for |o| <s — 1.
Since Tf(x) - |x|"® € L4, we use Holder’s inequality to get

/¢’
Nyl —
|x|4 1% =a'nb dx) < 00

/| 1|Tf<x>|-|x|°"dx<||Tf(x>-|x|””||q(/

|>1

and

’

, 1/q
/ Tr)] - ] dx<||Tf||q(/ N dx) < o0,
x| <1 x| <1
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It follows from [20, Lemma 9.1] that f is (s — 1)th order differentiable and f(&) = O(|&[) as

|é] — 0. If we seAt ej to be the jth standard basis of R" and Afj; = Ai”hl‘e] Arhzlez .. A(I)leen’ then the
boundedness of k implies
/ Tf(x) - x*dx| = C,| D*TF)(0)]
Rﬂ
= Cu Jim, 1h™1Af, () (O)
< C, lim |h*~1™
|h|—0
=0 foro<s —1.
We hence prove that, for central («, g, s — 1; 1, 1)-atom f,
/ Tf(x) -x*dx =0 for|al<s — 1. 5)

For general case w € Ay, let f be a central (o, ¢, s — 1; w, w)-atom and let f; = w(Bg)"/?
|Br|~'/P f. Then fi is a multiple of a central (o, ¢, s — 1; 1, 1)-atom. By (5),

/ Tf(x)x“dx:C[ THX)x%dx =0 for || <s — 1.
R" R"
Thus, the theorem is proved. [

If the regularity on the kernel is strengthened, the condition r,, > n + s can be drop off and the
range of p can be extended to (0, 1].

Corollary 5. Letw € Aj and 0 < p<1 < g < 0o. Assume that k € C*°(R"\{0}) with k| < Co

satisfies
0\
)(6—> k(x)’<C10|x|_"_‘°‘| for all multi-indices o, (6)
X
where Co9 and Cyo are absolute constants. Then the operator Tf := k x f is bounded on

Hk;’(l/p_l/q)vp(Rn)(w, w)

Proof. Given p € (0, 1], we choose s € N such that n/(n +s) < p<n/(n +s — 1). We then
choose a number ¢ satisfying max{(s — 1)ry, (ry — D=+ @y — DL 1/p—1} <ée<ts/n,
fort € Nand ¢t > ((s — 1)ry, + n)/s(ry — 1). It suffices to prove that, for every central
(n(1/p—1/q9),q,ts —1; w, w)-atom f, Tf are w-(p, g, s — 1, &)-molecules and N, (T f) <C
with C independent of f. The corollary follows from the same arguments as in the proof of
Theorem 4. [

Remark 4. There are results similar to Theorems 2—4 and Corollary 5 for the spaces H K g P (R™)
(w, w). We leave details to readers.

It was shown in [11] that the Hilbert transform and Riesz transforms are bounded on H{, for
w € Aj; and 0 < p<1. Recall that on [Rl, the Hilbert transform f +— Hf is a convolution
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operator with kernel k(x) = 1/(nx). On R*, n>2, let Rj, j = 1,2,...,n, denote the Riesz
transforms defined by

—n2 (N X

Rif=pv.kj* f(x) wherek;(x)=m (n+1)/ F<T)|X|T‘H

It is easy to check that the kernels k and k; satisfy condition (6) and so we have the following
theorem.

Theorem 6. Let w € A; and 0 < p<1 < g < o0o. The Riesz transforms are bounded on
Hk;(l/p_l/q)’p(R")(w, w) and HK;(l/p_l/q)’p([Ri”)(w, w). For n = 1, the Hilbert transform
is bounded on HK;/pil/q’p(R)(w, w) and HK;/pil/q’p(R)(w, w).
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